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1 Introduction

Master equations constitute the standard description of stochastic reaction dynamics
in well-mixed conditions [1]. For linear systems, the moments can be found exactly
in closed-form and sometimes even the probability distribution can be obtained [2].
However, most systems are nonlinear, specifically those involving the interaction
of two or more entities. For such systems the master equation can be rarely solved
and a different solution strategy becomes necessary. A common approach involves
performing stochastic simulations using the stochastic simulation algorithm (SSA)
[3]. However, the computational expense involved in gathering accurate statistics
can be considerable for many systems of interest, particularly those which involve
a high number of reaction events per unit time, a feature of systems with one or
more abundant species. One means to circumvent this problem involves deriving a
reduced master equation for only the non-abundant species and then obtaining the
statistics of the number fluctuations using the SSA. Various methods exist which
lead to such a reduction [4–7]. Here we choose to focus on what is perhaps the
simplest of such methods, one which is easy to derive for all cases of interest and
which leads to accurate and fast stochastic simulations. An additional bonus is that
in quite a number of cases, the reduced master equation can be solved exactly.
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2 The Method

In this section we introduce the rationale behind the model reduction method, by
means of a simple chemical reaction system. For a more technical presentation the
reader is referred to the original paper which derives the method [8]. This section
is self-contained, assuming no knowledge of rate equations or of master equations,
and builds the latter mathematical descriptions and the reduction method from the
ground up.

Consider the following chemical reaction system:

; k1�! A; A C A
k2�! B; B

k3�! ;: (1)

This system consists of two proteins, A and B, and three reactions. The first reaction
is the creation of a molecule of A out of nothingness (;). This process is, of course,
thermodynamically implausible, but this notation is used when A is created at a
more-or-less constant rate by a reaction between chemical species which we are not
interested in modelling. The second reaction is between two molecules of A to form
a molecule B. We call B a dimer and the reaction a dimerisation. The third reaction is
the destruction of B into nothingness. Again, this is shorthand for the conversion of
B into products which we do not want to explicitly model. The quantities k1; k2; k3

are the rates of the reactions, i.e. a measure of how frequently they occur.
The most common method of modelling systems like (1) is to treat the concen-

trations of A and B (number of molecules per unit volume) as continuous functions
of time, ŒA� and ŒB�, respectively. These functions are defined as the solution to a set
of differential equations called rate equations (RE):

dŒA�

dt
D k1 � 2k2ŒA�2; (2)

dŒB�

dt
D k2ŒA�2 � k3ŒB�:

The equation for dŒA�

dt states that the rate of change of ŒA� is equal to the rate
of creation of A molecules, k1, minus the rate of destruction of A molecules,
2k2ŒA�2. The factor of 2 in the latter term refers to the fact that two molecules of
A are destroyed whenever the reaction occurs; the factor of ŒA�2 relates to the fact
the reaction happens with a frequency proportional to the number of pairs of A
molecules, which scales as ŒA�2. The equation for dŒB�

dt states that the rate of change
of ŒB� is equal to the rate of creation of B molecules, k2ŒA�2, minus the rate of
destruction of B molecules, k3ŒB�. The term k3ŒB� corresponds to the fact that the
third reaction happens with a frequency proportional to the number of B molecules,
which scales as ŒB�. For more details, a standard reference book can be consulted [1].
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The RE system (2) can be solved for ŒA� and ŒB� as functions of time, but
for simplicity we will consider the equilibrium (steady-state) case, i.e. when
dŒA�

dt D dŒB�

dt D 0. Setting the equations in system (2) equal to zero leads to the
following simple expressions:

ŒA� D
s

k1

2k2

; ŒB� D k1

2k3

: (3)

We therefore know how the concentrations of A and B scale with the various reaction
rates. However, our entire line of thinking so far has relied on the assumption that
the concentrations of A and B are continuous (even differentiable) functions of time,
an assumption which is clearly untrue since the number of molecules of A and B
must be integer-valued. Following this line of thinking leads us to consider not the
concentrations ŒA� and ŒB� but the molecule number nA and nB. We furthermore
observe that chemical kinetics is not deterministic but rather probabilistic. The
reason is that the timing of reaction events is random; for example, the precise time
at which two molecules of A will meet is unknown because the process which brings
the molecules together, Brownian motion, is a stochastic process. We are therefore
concerned with the quantity P.nA; nBI t/, the probability that our system (1) consists
of exactly nA molecules of A and nB molecules of B at time t.

Just as with the deterministic RE system (2), the probability P.nA; nBI t/ is
described by a differential equation of the form:

d

dt
P.nA; nBI t/ D k1V .P.nA � 1; nBI t/ � P.nA; nBI t// (4)

C k2

V
..nA C 2/.nA C 1/P.nA C 2; nB � 1I t/ � nA.nA � 1/P.nA; nBI t//

C k3 ..nB C 1/P.nA; nB C 1I t/ � nBP.nA; nBI t// :

This equation is a master equation, specifically a chemical master equation (CME).
It describes the rate of change of the probability of the system having nA; nB

molecules of A and B, respectively, or in the language of statistical physics, the
rate of change of the probability that the system is in the state .nA; nB/.

The first term of Eq. (4) concerns how the system could enter or leave the state
.nA; nB/ due to the first reaction. The system could enter the state .nA; nB/ due to
the production of a molecule of A, if the system was previously in the state .nA �
1; nB/ [hence the probability P.nA � 1; nBI t/] or else the system could leave the
state .nA; nB/ if it was already in that state [hence the probability P.nA; nBI t/]. Note
that the first reaction happens with a rate k1V , for reaction volume V , because the
production reaction can occur anywhere throughout the reaction volume.
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The second term of Eq. (4) concerns how the system could enter or leave the
state .nA; nB/ due to the second (dimerisation) reaction. The system could enter the
state .nA; nB/ if it was previously in the state .nA C 2; nB � 1/, or else the system
could leave the state .nA; nB/ if it was already in that state. If the system was in state
.nA C2; nB �1/, then the second reaction would occur with rate k2

V .nA C2/.nA C1/,
since the number of distinct pairs of A molecules scales as .nA C2/.nA C1/, and the
factor V corresponds to the fact that dimerisation reactions are less likely to occur
in large volumes (since molecules are less likely to collide). Similarly, if the system
was in state .nA; nB/, then the second reaction would occur with rate k2

V nA.nA � 1/,
since the number of distinct pairs of A molecules scales as nA.nA � 1/.

The third term of Eq. (4) concerns how the system could enter or leave the state
.nA; nB/ due to the third reaction. The system could enter the state .nA; nB/ if it was
previously in state .nA; nB C 1/, or else the system could leave the state .nA; nB/ if it
was already in that state. If the system was in state .nA; nB C 1/ the reaction would
occur with a rate k3.nB C 1/, since there are .nB C 1/ molecules of B, but there is no
volume dependence for this reaction. Similarly, if the system was in state .nA; nB/,
the third reaction would occur with a rate k3nB. For more details, see a standard
reference book on stochastic methods [1].

While it can be seen that Eq. (4) corresponds to a physically accurate description
of the chemical system (1), it is by no means clear how to solve it, even at
steady-state. In fact, Eq. (4) cannot be easily solved analytically. Only a small
number of CMEs can be solved, and these generally have special properties such
as conservation laws [9], detailed balance [10] or no bimolecular reactions [11].
Instead, the most common stochastic approach to systems like (1) is to simulate
them using the stochastic simulation algorithm (SSA) [3]. Performing a large
number of independent simulations can generate a histogram which is known to
agree with the solution of the CME, within sampling error. However, this technique
does not tell us how the average number of molecules of A and B (other moments)
depend on the various parameters, analogously to Eqs. (3) for the rate equations.
If we want this kind of information we must use methods which analytically
approximate P.nA; nBI t/, and we will describe one such method here.

This method [8] makes the assumption that some of the chemical species have a
high concentration. For instance, in system (1), suppose that there are a large number
of A molecules. By the definition of concentration, we can approximate the number
of A molecules as:

nA � VŒA�; (5)

where ŒA� is the concentration given in Eq. (3). In fact, this approximation becomes
more accurate for larger concentrations of ŒA�. As shown in Fig. 1, the stochastic
behaviour of nA (as simulated with the SSA) becomes less distinguishable from the
constant solution Eq. (3) as nA increases. It follows that the stochastic behaviour
of nA becomes less relevant as ŒA� grows, and it also follows that, if ŒA� is large,
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Fig. 1 Stochastic simulations (yellow, pink, green) and deterministic rate-equation solutions
(purple, blue, red) for nA is the system (1). Parameter values are k1 D 20; k3 D 1; V D 1

and k2 D 1; 10�3; 10�5 for ŒA� D 3; 102; 103, respectively. Note that the noise about the mean
decreases with increasing mean number of molecules

we can replace every instance of nA in Eq. (4) with VŒA�. Also, since nA is large,
.nA C i/ � VŒA� for small values of i. Hence we have

d

dt
P.VŒA�; nBI t/ D k1V .P.VŒA�; nBI t/ � P.VŒA�; nBI t// (6)

C k2

V

�
.VŒA�/2P.VŒA�; nB � 1I t/ � .VŒA�/2P.VŒA�; nBI t/

�
C k3 ..nB C 1/P.VŒA�; nB C 1I t/ � nBP.VŒA�; nBI t// :

Several simplifications can be made to this equation. The first term, for instance, is
now identically zero. Also, notice that since ŒA� is simply the constant defined in
Eq. (3), there is no need to include it as an argument in the probability P, hence we
can define a new, simplified probability QP.nBI t/, leading to a simplified CME:

d

dt
QP.nBI t/ Dk1

2
V

� QP.nB � 1I t/ � QP.nBI t/
�

(7)

C k3

�
.nB C 1/ QP.nB C 1I t/ � nB QP.nBI t/

�
:
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This equation is relatively straightforward, and is known to have the steady-state
solution:

QP.nB/ D
e� k1V

2k3

�
k1V
2k3

�nB

nBŠ
: (8)

In other words, the number of B molecules approximately satisfies a Poisson
distribution with mean k1V=2k3.

This approximation can also be made in a simpler (albeit less rigorous) manner
immediately from the reaction system (1). As a rule, wherever we see A to the right
of an arrow, we simply delete it (replace it with ;). Wherever we see A to the left of
an arrow, we absorb it as ŒA� into the reaction rate. This replaces system (1) with the
system:

; k1�! ;; ; k2ŒA�2���! B; B
k3�! ;: (9)

The first reaction here is clearly pointless, and ŒA� can be replaced by its value given
in Eq. (3) to give:

;
k1
2�! B; B

k3�! ;: (10)

It can be shown that the CME for system (10) is identically Eq. (7). We therefore
have a very quick way to reduce complex chemical reaction systems to simpler
subsystems which we know how to solve.

Yet, although this technique has been derived a priori, a question remains as to
the accuracy of the simplified system. How large does ŒA� have to be before the
simplified system is a good approximation to the true system? In fact, for most
cases, the simplified system is reasonable even when ŒA� is not large. For example, in
Fig. 2 we show how the Poisson distribution in Eq. (8) agrees very well with the true
solution of the CME when ŒA� is large, but also shows reasonable agreement when
ŒA� is much smaller than ŒB�. In general, however, the error scales as the inverse
ratio of the two concentrations, so that the larger ŒA� is compared to ŒB�, the better
the approximation.

The example shown above is illustrative but of limited biological relevance or
interest. Next we will therefore demonstrate the power of the analytical approxima-
tion method by applying it to a variety of biological systems.
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Fig. 2 Probability distributions of nB obtained from the SSA (histograms) and the analytical
approximation assuming abundance of A as given by Eq. (8) (solid line). Parameter values are as in
Fig. 1 and k2 D 10; 10�5 for ŒA� D 1; 103, respectively. Note that the approximation is particularly
good when ŒA� � ŒB� D 10

3 Application to Various Biological Systems

3.1 Michaelis–Menten Reaction

Consider the set of chemical reactions:

; k1�! S; E C S
k2�! C; C

k3�! E C S; C
k4�! E C P: (11)

The system describes how a protein S is created (with rate k1) and reacts with an
enzyme E to form a complex C (with rate k2). C can subsequently unbind, either
back to E C S (with rate k3) or else to E and new protein P (with rate k4). This
system has been studied extensively with and without protein production, using rate
equations and master equations [12, 13]. The first reaction could, for example, model
the effective translation of a protein in the cytoplasm while the rest of the reactions
model the enzyme-aided catalysis of the protein into another type of protein.
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The REs for this system are given by:

dŒS�

dt
D k1 � k2ŒE�ŒS� C k3ŒC�;

dŒE�

dt
D �k2ŒE�ŒS� C .k3 C k4/ŒC�; (12)

dŒC�

dt
D k2ŒE�ŒS� � .k3 C k4/ŒC�:

In steady-state, the solutions of this system are

ŒS� D k1.k3 C k4/

k2.ETk4 � k1/
; ŒE� D ET � k1

k4

; ŒC� D k1

k4

; (13)

where ET D ŒE� C ŒC� is the total enzyme concentration which remains constant
over time. In order to apply the approximation method, we make the assumption
that ŒS� is large compared to ŒE� and ŒC�. Then, we can reduce the reaction network
to give:

E
k2ŒS���! C; C

k3Ck4���! E: (14)

The steady-state solution of the chemical master equation for this effective system

of reactions is easily found to be a Binomial
�

ETV; k3Ck4

k3Ck4Ck2ŒS�

�
distribution for

nE. In Fig. 3 we compare this Binomial distribution with SSA histograms for
three different values of ŒS�. As ŒS� increases, it is clear that the approximation
improves, though the Binomial distribution seems to be a reasonable estimate of
the distribution even when ŒS� is comparable to E.

3.2 Genetic Network with Feedback

Next we study a simple model of a genetic network with negative feedback:

DON
k1�! DON C M; M

k2�! M C P1; P1

k3�! P2; P2

k4�! P3; P3

k5�! ;;

DON C P3

k6�! DOFF; DOFF
k7�! DON C P3; M

k8�! ;: (15)

The system describes how a molecule of mRNA M is produced by an active gene
DON with rate k1 (transcription), which in turn creates a protein P1 with rate k2 via
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Fig. 3 Probability distribution of nE is the Michaelis–Menten reaction system (11) obtained from
the SSA of the full system (histograms) and the analytical approximation corresponding to the
reduced system (14) assuming abundance of S compared to enzyme (red solid line). Parameter
values are k1 D 1; k3 D 9:9; k4 D 0:1; ET D 20; V D 1. k2 is varied to give different values of
ŒS�. Note that the approximation is excellent when the concentration of S is much greater than that
of enzyme

the process of translation. P1 isomerises to P2 with rate k3 which isomerises to P3

with rate k4. P3 can decay with rate k5 or it can bind to the active gene DON with rate
k6 to convert it to the inactive gene DOFF, and the deactivation can be reversed with
rate k7. Finally, the mRNA can decay with rate k8. The system possesses negative
feedback since the protein produced by the gene in the on state can turn the gene off
at high enough concentrations; it has previously been studied as a simple model of
a circadian oscillator [14, 15].

The REs for this system are given by:

dŒDON�

dt
D �k6ŒDON�ŒP3� C k7ŒDOFF�;

dŒDOFF�

dt
D k6ŒDON�ŒP3� � k7ŒDOFF�;

dŒM�

dt
D k1ŒDON� � k8ŒM�;
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dŒP1�

dt
D k2ŒM� � k3ŒP1�;

dŒP2�

dt
D k3ŒP1� � k4ŒP2�;

dŒP3�

dt
D k4ŒP2� � k5ŒP3� � k6ŒDON�ŒP3� C k7ŒDOFF�: (16)

This system of equations can be solved in steady-state, but the expressions are
cumbersome and we will not state them here except for ŒP3�:

ŒP3� D
�k7 C

r
k2

7 C 4k6k1k2k7N

k5k8

2k6

; (17)

where N D ŒDON� C ŒDOFF� is the total gene concentration which remains constant
over time. In order to apply the approximation method, we make the reasonable
assumption that the protein concentrations ŒP1�; ŒP2�; ŒP3� are large compared to
ŒDON�, ŒDOFF� and ŒM�. For example, it has been shown that the mean number of
proteins per E. coli cell is roughly a thousand times that of the mean number of
mRNA molecules per cell while the gene copy number is often one [16]. Then, we
can reduce the reaction network to give:

DON
k1�! DON C M; DON

k6ŒP3����! DOFF; DOFF
k7�! DON; M

k8�! ;: (18)

The chemical master equation for this system can be solved exactly in steady-state
using the generating function method [9] . The solution is complex so we will not
state it here, but in Fig. 4 we compare the analytical approximation with the SSA
distribution, and observe that they agree well. In the inset we show trajectories of the
SSA for M (red) and P1; P2; P3 (yellow, blue, purple), which highlight the bimodal
nature of this system. The parameter set chosen here highlights two remarkable
properties of the approximation method. First, the approximate distribution captures
the bimodality of the true distribution. This is surprising because approximation
methods are rarely able to deal with bimodality. Second, the distribution is accurate
even though for a significant portion of time the system is in the lower state where
ŒP1� D ŒP2� D ŒP3� D 0, which can hardly be described as a high concentration. It
can be shown that the accuracy of the approximation depends only on whether the
RE solution is large, irrespective of the stochastic behaviour.
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Fig. 4 Probability distribution of the genetic feedback system (15), as obtained from the SSA
of the full system (histogram) and the approximation corresponding to the reduced system (18)
assuming protein abundance (red solid line). Inset: time courses of M (red) and P1; P2; P3 (blue,
yellow, purple) as obtained from SSA, showing bimodality in both mRNA and protein values
and abundance of protein compared to mRNA for most of the time. Parameter values are k1 D
100; k2 D 5; k3 D 20; k4 D 1; k5 D 1; k6 D 1; k7 D 10�4; k8 D 0:1; N D 1; V D 1

3.3 Biochemical Switch

Next we consider a simple model of a biochemical switch [17], which could be used
to construct synthetic logic gates:

C
k1�! C C X1; X1

k2�! ;; X1 C B
k3�*)�
k4

A; X2 C A
k5�*)�
k6

B; ; k7�*)�
k8

X2: (19)

The system describes how three enzymes A, B, C catalyse the production and
degradation of two proteins X1 and X2. The engineering application of this system
is that the output, A, is an amplification of the input, C, since a small change in ŒC�
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corresponds to a large change in ŒA�, thus functioning as a switch. The REs for this
system are given by:

dŒA�

dt
D k3ŒX1�ŒB� � k4ŒA� � k5ŒX2�ŒA� C k6ŒB�;

dŒB�

dt
D �k3ŒX1�ŒB� C k4ŒA� C k5ŒX2�ŒA� � k6ŒB�;

dŒX1�

dt
D k1ŒC� � k2ŒX1� � k3ŒX1�ŒB� C k4ŒA�;

dŒX2�

dt
D �k5ŒX2�ŒA� C k6ŒB� C k7 � k8ŒX2�: (20)

This system can be solved in steady-state, but the expressions are cumbersome
and we will not state them here. In order to apply the approximation method, we
make the reasonable assumption that the protein concentrations ŒX1�; ŒX2� are large
compared to the enzyme concentrations ŒA� and ŒB� (similar to the assumption made
for the Michaelis–Menten system). Then, we can reduce the reaction network to the
effective one:

A
k4Ck5ŒX2�������*)������
k3ŒX1�Ck6

B: (21)

Analogously to system (14), the chemical master equation for this system has
a steady-state solution given by a Binomial distribution, specifically a Binomial�

ETV;
k4Ck5ŒX2�

k4Ck5ŒX2�Ck3ŒX1�Ck6

�
distribution for nA, where ET D ŒA� C ŒB� is the total

concentrations of enzyme, which remains constant over time.
In Fig. 5 we plot the distribution of nA for a variety of values of ŒC�, for both the

analytical approximation corresponding to the effective system (21) and stochastic
simulations using the SSA of the master equation of the full system (19). The
switch-like behaviour is clear to see, as the mean of nA moves swiftly from about
10 to near 100 molecules (almost a ninefold change) as ŒC�V (the input number
of C molecules) is changed from 500 to 1500 molecules (a twofold change).
The approximation method here provides a very quick means of modelling a
bioengineering component, which would otherwise be time-consuming to simulate.

3.4 Predator–Prey System

Lastly we consider an example from ecology, a Lotka–Volterra-like predator–prey
system [18] given by the reactions:

R
k1�! R C R; R C F

k2�! F C F; F
k3�! ;; ; k4�! R; ; k5�! F: (22)
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Fig. 5 Probability distributions of nA in the biochemical switch (19) for different values of ŒC�,
obtained from the SSA of the full system (crosses) and the analytical approximation corresponding
to the reduced system (21) under the assumption of protein abundance (solid lines). Parameter
values are k1 D 0:05; k2 D 0:001; k3 D 0:001; k4 D 1; k5 D 0:001; k6 D 1; k7 D 0:001; k8 D
50; V D 1. Note that a twofold change in the input [C] leads to an almost ninefold change in the
mean of the output A

The system describes (in a simplistic way) how a population of foxes F predates on
a population of rabbits R. A single rabbit can reproduce with rate k1 and a fox can
eat a rabbit, giving it enough energy to reproduce with rate k2. Foxes can die with
rate k3, and rabbits and foxes can both immigrate into the environment with rates k4

and k5, respectively. The REs for this system are

dŒR�

dt
D k1ŒR� � k2ŒR�ŒF� C k4;

dŒF�

dt
D k2ŒR�ŒF� � k3ŒF� C k5: (23)

This system of equations can exhibit oscillatory behaviour for some parameter
values and stable behaviour for others.

ŒR� D 2k3k4

k2k4 � k1k3 C k2k5 C p
.k2k4 C k1k3 C k2k5/2 � 4k1k2k3k5

;

ŒF� D k2k4 C k1k3 C k2k5 C p
.k2k4 C k1k3 C k2k5/2 � 4k1k2k3k5

2k2k3

: (24)
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Fig. 6 Probability distribution of the number of foxes, nF , in the predator–prey model (22)
as obtained from the SSA of the full system (histogram) and the analytical approximation
corresponding to the reduced system (25) which assumes an abundance of rabbits (solid line).
Inset: time course data of rabbit (blue) and fox (red) populations from the SSA of the full system.
Parameter values are k1 D 1; k2 D 0:01; k3 D 5; k4 D 5; k5 D 10; V D 1

In order to apply the approximation method, we make the reasonable assumption
that the concentration of rabbits ŒR� is large compared to the concentration of foxes
ŒF�. Then, we can reduce the reaction network to give:

F
k2ŒR����! F C F; F

k3�! ;; ; k5�! F: (25)

The master equation for this effective system of reactions can be solved analytically

in steady-state [19] and its solution is a Negative Binomial
�

k5

k2ŒR�
;

k2ŒR�

k3

�
. In Fig. 6 we

compare this analytical approximation with the distribution obtained using the SSA
of the full system (22), and note that they agree well. In the inset we show a time
course of the SSA of the full system for rabbits (blue) and foxes (red). Note that
the oscillations are here induced by noise and are not predicted by the deterministic
rate equations. It can be shown that the reduced system does not possess noise-
induced oscillations; this is because for a one variable system the power spectrum of
noise fluctuations cannot exhibit a peak at a non-zero frequency [20]. Hence while
the approximation method leads to an excellent approximation for the probability
distribution of the full system it cannot always capture other relevant stochastic
properties.
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4 Conclusion

In this chapter, we have introduced a simple technique of approximating the master
equation. This involves reducing the model to one with a smaller number of species
interacting via a set of effective reactions. If the number of species in the reduced
model is small, then there is a good chance of finding an analytical solution in
steady-state, as we have seen for many examples. Even if such an explicit closed-
form solution is not possible, stochastic simulation using the SSA of the reduced
master equation yields an accurate solution in a time which is typically much shorter
than that possible with the SSA of the full master equation.
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